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Abstract
In this paper we establish the best constants for a Sobolev inequality and a Sobolev trace inequality on
compact Riemannian manifolds with boundary, the functions being invariant under the action of a compact
subgroup G of the isometry group I (M,g) and we give applications to some nonlinear PDEs with upper
critical Sobolev exponent.
© 2007 Elsevier Masson SAS. All rights reserved.
Keywords: Manifolds with boundary; Symmetries; Sobolev trace inequalities; Best constants; Critical of supercritical
exponent; p-Laplacian
1. Introduction
Let (M,g) be a compact n-dimensional Riemannian manifold, n 3, with boundary. If 1
p < n, p∗ = np/(n − p) and p˜∗ = (n − 1)p/(n − p), according to Sobolev’s theorem (see for
instance [3]) the embeddings Hp1 (M) ⊂ Lq(M) and Hp1 (M) ⊂ Lq˜(∂M) are compact for any
q ∈ [1,p∗) and q˜ ∈ [1, p˜∗), respectively, but the embeddings Hp1 (M) ⊂ Lp
∗
(M) and Hp1 (M) ⊂
Lp˜
∗
(∂M) are only continuous. So, there exist constants A,B and A˜, B˜ such that for all u ∈
H
p
1 (M) the following inequalities hold
‖u‖Lp∗(M) A‖∇u‖Lp(M) +B‖u‖Lp(M) (1.1)
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‖u‖Lp˜∗(∂M)  A˜‖∇u‖Lp(M) + B˜‖u‖Lp(∂M). (1.2)
When the compact manifold is without boundary the best constant in front of the gradient
term in inequality (1.1) is the same as the best constant for the Sobolev embedding for M = Rn
under the Euclidean metric [2], i.e.:
1
K(n,p)
= inf
u∈Lp∗(Rn)\{0}
∇u∈Lp(Rn)
∫
Rn
|∇u|p dx(∫
Rn
|u|p∗ dx)p/p∗ .
The value of K(n,p) was explicitly computed independently by Aubin [1] and Talenti [20]:
K(n,1) = 1
n
n−1
n ω
1/n
n−1
,
K(n,p) = p − 1
n− p
(
n− p
n(p − 1)
)1/p[
(n+ 1)
ωn−1(n/p)(n+ 1 − (n/p))
]1/n
,
where ωn−1 is the area of the unit sphere in Rn and  is the Gamma function.
If (M,g) is a compact Riemannian manifold with boundary, then Hp1 (M) denotes the com-
pletion of C∞(M) under the norm
‖u‖Hp1 (M) =
(‖∇u‖pLp(M) + ‖u‖pLp(M))1/p
and Hp1 (M) = ˚Hp1 (M). The critical Sobolev embedding is valid and therefore the same questions
concerning the best constants of (1.1) are also valid, except that now we have to consider two
distinct Sobolev spaces. When we consider (1.1) on ˚Hp1 (M), the same results for best constants
on compact manifolds without boundary described above remain true. On the other hand, if we
consider (1.1) on Hp1 (M), Cherrier [6] has shown that the first best constant is 21/nK(n,p).
Lions [19] proved that the best constant in front of the gradient term in inequality (1.2) in the
Sobolev trace embedding for the Euclidean half-space Rn+ = {(x′, t): t  0}, i.e.:
1
K˜(n,p)
= inf
u∈Lp˜∗(∂Rn+)\{0}
∇u∈Lp(Rn+)
∫
Rn+ |∇u|p dx(∫
∂Rn+ |u|p˜∗ dx′
)p/p˜∗ .
Biezuner [5] showed that Lions’ conclusion still remains valid for any smooth, compact n-
dimensional Riemannian manifold, n  3, with boundary and 1 < p < n. The explicit value of
K˜(n,p) was computed independently by Escobar [13] and Beckner [4], only in the case p = 2:
K˜(n,2) = 2
n− 2ω
− 1
n−1
n−1 .
For p = 2 the problem remains still open.
Let G be a compact group of the isometries without finite subgroup and p  1. If k denotes
the minimum orbit dimension of G, it’s known (see [16]) that for a G-invariant manifold (M,g)
without boundary the embeddings Hp1,G(M) ⊂ Lq(M) are continuous for any p ∈ [1, n− k) and
q ∈ [1, (n− k)p/(n− k − p)] and compact if q ∈ [1, (n− k)p/(n− k − p)). The best constant
KG in front of the gradient term in inequality (1.1) is (see [14])
KG = K(n− k,p)
V 1/(n−k)
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Moreover in ([10,11]) we found the best constants in inequalities (1.1) and (1.2) in the 3-
dimensional solid torus, which is G-invariant under the action of a subgroup G = O(2) × I of
the isometry group O(3).
In our paper we establish the best constant
K˜G = K˜(n− k,p)
V (p−1)/(n−k−1)p
for a Sobolev trace inequality on G-invariant compact Riemannian manifolds with boundary,
which deal with the supercritical case (the critical of supercritical) and we apply this result to
solve nonlinear, elliptic, type Dirichlet and Neumann, PDEs of upper critical Sobolev exponent.
More specifically, let (M,g) be a compact n-dimensional, n 3, Riemannian manifold with
boundary G-invariant under the action of a subgroup G of the isometry group I (M,g). We
assume that (M,g) is a smooth bounded open subset of a slightly larger Riemannian manifold
(M˜, g) (see [18]), invariant under the action of a subgroup G of the isometry group of (M˜, g). If
k denotes the minimum orbit dimension of G, 1 p < n − k and q˜ = (n−k−1)p
n−k−p , we prove that
for all ε > 0 there exists a positive constant B˜ε depending on p, G and the geometry of (M,g),
such that for all u ∈ Hp1,G(M)
‖u‖p
L
q˜
G(∂M)

(
K˜
p
G + ε
)‖∇u‖p
L
p
G(M)
+ B˜ε‖u‖p
L
p
G(∂M)
. (1.3)
We will apply this result to solve the problems:
(P1) pu+ a(x)up−1 = f (x)uq−1, u > 0 on M, u|∂M = 0,
2(n− k)
n
< p < n− k, q = (n− k)p
n− k − p
and
(P2) pu+ a(x)up−1 = f (x)uq−1, u > 0 on M,
|∇u|p−2 ∂u
∂n
+ b(x)up−1 = h(x)uq˜−1 on ∂M,
2(n− k)
n
< p < n− k, q = (n− k)p
n− k − p , q˜ =
(n− k − 1)p
n− k − p ,
where pu = −divg(|∇u|p−2∇u) is the p-Laplacian and for p = 2, 2 = g is the Laplace–
Beltrami operator.
We prove the following theorems:
2. Results and examples
2.1. Results
Theorem 2.1. Let (M,g) be a smooth, compact n-dimensional Riemannian manifold, n  3,
with boundary, G-invariant under the action of a subgroup G of the isometry group I (M,g).
Let k denotes the minimum orbit dimension of G and V denotes the minimum of the volume of
the k-dimensional orbits. Let p ∈ (1, n− k) and q˜ = (n−k−1)p . Then for any ε > 0, there existn−k−p
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u ∈ Hp1,G(M) the following inequalities hold
‖u‖p
L
q
G(M)

(
2p/(n−k)KpG + ε
)‖∇u‖p
L
p
G(M)
+Bε‖u‖p
L
p
G(M)
(2.1)
and
‖u‖p
L
q˜
G(∂M)

(
K˜
p
G + ε
)‖∇u‖p
L
p
G(M)
+ B˜ε‖u‖p
L
p
G(∂M)
, (2.2)
where KG = K(n−k,p)V 1/(n−k) and K˜G = K˜(n−k,p)V (p−1)/(n−k−1)p .
Moreover the constants 21/(n−k)KG and K˜G are the best constants for these inequalities.
We will use Faget’s inequality (2.1) and inequality (2.2) to solve the following problems (P1)
and (P2).
For the problem
(P1) pu+ a(x)up−1 = f (x)uq−1, u > 0 on M, u|∂M = 0,
2(n− k)
n
< p < n− k, q = (n− k)p
n− k − p ,
where a, f are two smooth functions G-invariant, consider the functional
J (u) =
∫
M
(|∇u|p + a(x)|u|p)dV
and suppose that the operator
Lp(u) = pu+ a(x)up−1
is coercive. That is, there exists a real number λ > 0, such that, for all u ∈ Hp1,G(M)
J (u) λ
∫
M
|u|p dV .
If we denote
H =
{
u ∈ Hp1,G(M), u > 0
/∫
M
f (x)uq dV = 1
}
.
and
μ = infJ (u),
for all u ∈ H we have the theorem:
Theorem 2.2. Let a and f be two smooth functions, G-invariant and p, q be two real numbers
defined as in (P1). Suppose that supx∈M f (x) > 0 and the operator Lp is coercive. The problem
(P1) has a positive solution (in Hp1,G(M)) that belongs to C1,α(M) for some α ∈ (0,1), if μ <
K
−p
(supf )−p/q .G
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(P2) pu+ a(x)up−1 = f (x)uq−1, u > 0 on M,
|∇u|p−2 ∂u
∂n
+ b(x)up−1 = h(x)uq˜−1 on ∂M,
2(n− k)
n
< p < n− k, q = (n− k)p
n− k − p , q˜ =
(n− k − 1)p
n− k − p ,
where a, f , b and h are four smooth functions G-invariant, let
Λ = {c = (α,β) ∈ R2/α − β  δ,p  α  q,p  β  q˜}
with δ ∈ (0, q − q˜) = (0,p/(n− k − p)).
For all u ∈ Hp1,G(M) and for any c ∈ Λ we define the functionals:
I (u) =
∫
M
(|∇u|p + a|u|p)dV + ∫
∂M
b|u|p dS,
and
Ic(u) =
∫
M
f |u|α dV + α
β
∫
∂M
h|u|β dS
and suppose that the operator
Lp(u) = pu+ a(x)up−1
is coercive.
I (u) and Ic(u) are well defined because the imbeddings of Hp1,G(M) onto L
q(M) and Lq˜(M)
are continuous according to the Sobolev theorem.
Define
Σc =
{
u ∈ Hp1,G(M), Ic(u) = 1
}
,
μc = inf
{
I (u)/u ∈ Σc
}
,
c0 = (q, q˜) and
t+ = sup(t,0), t ∈R.
We have the following theorem:
Theorem 2.3. Let a, f , b and h be four smooth functions, G-invariant and p, p˜, q , q˜ be four
real numbers defined as in (P2). Suppose that the function f has constant sign (e.g. f  0). The
problem (P2) has a positive solution u ∈ C∞G (M) if the following holds:
(sup
M
f )
(
2p/(n−k)KpGμ
+
c0
)q/2 + q
q˜
(sup
∂M
h)+
(
K˜
p
Gμ
+
c0
)q˜/2
< 1 (2.3)
and if
1. f > 0 everywhere and h arbitrary, or
2. f  0, h > 0 everywhere and (− inf
M
a)+K < 1, where
K = inf{A> 0/∃B > 0 s.t. ‖ψ‖pLp(M) A‖∇ψ‖pLp(M) +B‖ψ‖pLp(∂M)}.
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Example 1. (See [10,11].) Let T be the three dimensional solid torus
T = {(x, y, z) ∈ R3/(√x2 + y2 − l)2 + z2  r2, l > r > 0},
with the metric induced by the R3 metric. Let G = O(2) × I be the group of rotations around
axis z. The G-orbits of T are circles. If P is a point of T , let OP be its G-orbit. All G-orbits
are of dimension 1, and the orbit of minimum volume is the circle of radius l − r , and of volume
2π(l−r). Then T is a compact 3-dimensional manifold with boundary, invariant under the action
of the subgroup G of the isometry group O(3).
Example 2. (See [8,9].) Let Rn = Rk ×Rm, k  2, m 1 and Ω ⊂ (Rk\{0})×Rm. Let Gk,m =
O(k) × Idm, the subgroup of the isometry group O(n) of the type (x1, x2) −→ (σ (x1), x2),
σ ∈ O(k), x1 ∈ Rk , x2 ∈ Rm. Suppose that Ω is invariant under the action of Gk,m (τ(Ω) =
Ω,∀τ ∈ Gk,m). Then Ω is a compact n-dimensional manifold with boundary, invariant under the
action of the subgroup Gk,m of the isometry group O(n).
3. Notations and preliminary results
In the following we assume the notations and background material from E. Hebey and M. Vau-
gon [17]. Given (M˜, g) a Riemannian manifold (complete or not, but connected), we denote by
I (M˜, g) its group of isometries.
The first results we need are the following lemmas:
Lemma 3.1. (See [17].) Let (M˜, g) be a Riemannian n-manifold (complete or not), and let G
be a compact subgroup of I (M˜, g). Let P ∈ M˜ and set k = dimOP . Assume k  1. There exists
a coordinate chart (Ω, ξ) of M˜ at P such that:
1. ξ(Ω) = U ×W , where U is some open subset of Rk and W is some open subset of Rn−k .
2. For any Q ∈ Ω,U ×Π2(ξ(Q)) ⊂ ξ(OQ ∩Ω), where Π2 :Rk ×Rn−k → Rn−k is the second
projection.
and
Lemma 3.2. (See [17].) Let M be a compact subset of M˜ covered by a finite number of charts
(Ωm, ξm), m = 1, . . . ,M and k = minP∈M˜ dimOP  1. The following properties are valid:
1. ξm(Ωm) = Um ×Wm, where Um is some open subset of Rkm and Wm is some open subset of
R
n−km and km ∈ N satisfies k  km < n .
2. Um and Wm are bounded, and Wm has smooth boundary.
3. For any Q ∈ Ωm,Um × Π2(ξm(Q)) ⊂ ξm(OQ ∩ Ωm), where Π2 :Rkm ×Rn−km → Rn−k is
the second projection.
4. There exists εm > 0 with (1 − εm)δij  gmij  (1 + εm)δij as bilinear forms, where the gmij ’s
are the components of g in (Ωm, ξm).
Let P ∈ M and OP = {τ(P ), τ ∈ G} be its orbit of dimension k, 0  k < n. According to
([16, § 9], [14]) the map Φ :G → OP , defined by Φ(τ) = τ(P ), is of rank k and there exists a
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from H onto its image denoted VP .
Let N be a submanifold of M of dimension (n−k), such that TPΦ(H)⊕TPN = TPM . Using
the exponential map at P , we build a (n− k)-dimensional submanifold WP of N , orthogonal to
OP at P and such that for any Q ∈ WP , the minimizing geodesics of (M,g) joining P and Q
are all contained in WP .
Let Ψ :H ×WP → M , be the map defined by Ψ (τ,Q) = τ(Q). According to the local inverse
theorem, there exists a neighborhood V(Id,P ) ⊂ H × WP of (Id,P ) and a neighborhood MP ⊂
M such that Ψ−1 = (Ψ1 ×Ψ2), from MP onto V(Id,P ) is a diffeomorphism.
Up to restricting VP , we choose a normal chart (VP ,ϕ1) around P for the metric g˜ induced
on OP , with ϕ1(VP ) = U ⊂ Rk . In the same way, we choose a geodesic normal chart (WP ,ϕ2)
around P for the metric ˜˜g induced on WP , with ϕ2(WP ) = W ⊂ Rn−k .
We denote by ξ1 = ϕ1 ◦Φ ◦Ψ1, ξ2 = ϕ2 ◦Ψ2, ξ = (ξ1, ξ2) and Ω = MP .
From the above and due to Lemma 3.2 the following lemma holds [14]:
Lemma 3.3. Let (M,g) be a compact Riemannian n-manifold with boundary, G a compact
subgroup of I (M,g), P ∈ M with orbit of dimension k, 0  k < n. Then there exists a chart
(Ω, ξ) around P such that the following properties are valid:
1. ξ(Ω) = U ×W , where U ⊂ Rk and W ⊂ Rn−k .
2. U , W are bounded, and W has smooth boundary.
3. (Ω, ξ) is a normal chart of M around of P , (VP ,ϕ1) is a normal chart around of P of
submanifold OP and (WP ,ϕ2) is a normal geodesic chart around of P of submanifold WP .
4. For any ε > 0, (Ω, ξ) can be chosen such that:
1 − ε 
√
det(gij ) 1 + ε on Ω, for 1 i, j  n,
1 − ε 
√
det(g˜ij ) 1 + ε on VP , for 1 i, j  k.
5. For any u ∈ C∞G (M), u ◦ ξ−1 depends only on W variables.
We say that we choose a neighborhood of OP when we choose δ > 0 and we consider
OP,δ =
{
Q ∈ M˜/d(Q,OP ) < δ
}
.
Such a neighborhood of OP called tubular neighborhood.
Let P ∈ M and OP be its orbit of dimension k. Since the manifold M is included in M˜ , we
can choose a normal chart (ΩP , ξP ) around P such that Lemma 3.3 holds for some ε0 > 0. For
any Q = τ(P ) ∈ OP , where τ ∈ G, we build a chart around Q, denoted by (τ (ΩP ), ξP ◦ τ−1)
and “isometric” to (ΩP , ξP ). OP is then covered by such charts. We denote by (ΩP,m)m=1,...,M
a finite extract covering. We then can choose δ > 0 small enough, depending on P and ε0 such
that the tubular neighborhood OP,δ = {Q ∈ M˜/d(Q,OP ) < δ}, (where d(·,OP ) is the distance
to the orbit) has the following properties:
(i) OP,δ is a submanifold of M˜ with boundary,
(ii) d2(·,OP ), is a C∞ function on OP,δ and
(iii) OP,δ is covered by (Ωm)m=1,...,M .
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⋃
P∈M OP,δ . We denote (Oj,δ)j=1,...,J a finite extract covering of M ,
where all Oj,δ’s are covered by (Ωjm)m=1,...,Mj . Then we will have
M ⊂
J⋃
j=1
Mj⋃
m=1
Ωjm =
∑J
j=1 Mj⋃
m=1
Ωi.
So we obtain a finite covering of M consisting of Ωi ’s, i = 1, . . . ,∑Jj=1 Mj . We choose such
a covering in the following way:
(i) If P lies in the interior of M , then there exist j,1 j  J and m,1mMj such that
the tubular neighborhood Oj,δ and Ωjm, with P ∈ Ωjm, lie entirely in M’s interior, (that is, if
P ∈ M\∂M , then Oj,δ ⊂ M\∂M and Ωjm ⊂ M\∂M).
(ii) If P lies on the boundary ∂M of M , then a j,1  j  J exists, such that the tubular
neighborhood Oj,δ intersects the boundary ∂M and an m,1  m Mj exists, such that Ωjm,
with P ∈ Ωjm, intersects a part of the boundary ∂M . Then the Ωjm covers a patch of the bound-
ary of M , and the whole of the boundary is covered by charts around P ∈ ∂M .
We denote N the projection of the image of M , through the charts (Ωjm, ξjm), j = 1, . . . , J ,
m = 1, . . . ,Mj , on Rn−k . Then (N, g¯) is a (n − k)-dimensional compact submanifold of Rn−k
with boundary and N is covered by (Wi), i = 1, . . . ,∑Jj=1 Mj , where Wi is the component of
ξi(Ωi) on R
n−k for all i = 1, . . . ,∑Jj=1 Mj .
Let p be the projection of ξi(P ),P ∈ M on Rn−k . Thus one of the following holds:
(i) If p ∈ N\∂N , then Wi ⊂ N\∂N and Wi is a normal geodesic neighborhood with normal
geodesic coordinates (y1, . . . , yn−k).
(ii) If p ∈ ∂N , then Wi is a Fermi neighborhood with Fermi coordinates (y1, . . . , yn−k−1, t).
In these neighborhoods we have
1 − ε0 
√
det(g¯ij ) 1 + ε0 on N, for 1 i, j  n− k,
where ε0 can be as small as we want, depending on the chosen covering.
For convenience in the following we set
Oj = Oj,δ =
{
Q ∈ M˜/d(Q,OPj ) < δ
}
and
(Ωjm, ξjm) = (Ωm, ξm).
We still need the following basic Lemmas 3.4, 3.5, 3.6, 3.7 and 3.8. (Their proofs are omitted.)
Lemma 3.4. For any υ ∈ Hq1,G(Oj ∩ ∂M),υ  0 the following properties are valid:
1. (1 − cε0)Vj
∫
∂N
υ2 dsg¯ 
∫
∂M
υ dSg  (1 + cε0)Vj
∫
∂N
υ2 dsg¯ ,
2. (1 − cε0)Vj
∫
∂Rn−k+
υ2 dy′ dt 
∫
∂M
υ dSg  (1 + cε0)Vj
∫
∂Rn−k+
υ2 dy′ dt ,
where Vj = Vol(Oj ), υ2 = υ ◦ ξ−1 and c is a positive constant.
Lemma 3.5. For any υ ∈ Hp1,G(Oj ∩M),υ  0 the following properties are valid:
1. (1 − cε0)Vj
∫ |∇g¯υ2|p dυg¯  ∫ |∇gυ|p dVg  (1 + cε0)Vj ∫ |∇g¯υ2|p dυg¯ ,N M N
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∫
R
n−k+
|∇eυ2|p dy′ dt 
∫
M
|∇gυ|p dVg  (1 + cε0)Vj
∫
R
n−k+
|∇eυ2|p dy′ dt ,
where Vj = Vol(Oj ), υ2 = υ ◦ ξ−1 and c is a positive constant.
Lemma 3.6. Let (M,g) be a smooth, compact Riemannian n-manifold, n  3, with boundary.
Let G be a compact subgroup of the isometry group I (M,g). Assume that for any P ∈ M ,
CardOP = +∞ and OP denotes the orbit of P . Let k = minP∈M dimOP and 1  p < n − k.
Then k  1 and for any real number 1 q  (n−k−1)p
n−k−p , H
p
1,G(M) ⊂ LqG(∂M), the embedding is
continuous, and compact provided that 1 q < (n−k−1)p
n−k−p .
Lemma 3.7. (See [15].) Let (M,g) be a compact Riemannian n-manifold, G a compact subgroup
of the isometry group of M . There exists an orbit of minimum dimension k and of minimum
volume.
Lemma 3.8. For any ε > 0 there exists a constant Bε depending on p, G and the geometry of
(M,g) such that for all u ∈ Hp1,G(M)
‖u‖p
L
q˜
G(∂M)

(
K˜
p
G + ε
)‖∇gu‖p
L
p
G(M)
+Bε‖u‖p
L
p
G(M)
, (3.1)
where K˜G = K˜(n−k,p)V (p−1)/(n−k−1)p and V = minVj = min Vol(Oj ), j = 1, . . . , J .
4. Proofs of the theorems
Proof of Theorem 2.1. The first part of Theorem 2.1 can be proved in the same manner as
Theorem 3.1 in [11]. (See also Theorem 1 in [14].) The second part will follow immediately
from Propositions 4.1 and 4.2 that follow. 
Proposition 4.1. Let (M,g) be a smooth, compact n-dimensional Riemannian manifold, n 3,
with boundary, G-invariant under the action of a subgroup G of the isometry group I (M,g). Let
k denotes the minimum orbit dimension of G and V denotes the minimum of the volume of the
k-dimensional orbits. Let p ∈ (1, n− k), q = (n−k)p
n−k−p and q˜ = (n−k−1)pn−k−p . Suppose that there exist
real numbers A, B such that the inequality
‖u‖p
L
q˜
G(∂M)
A‖∇u‖p
L
p
G(M)
+B‖u‖p
L
p
G(∂M)
(4.1)
holds for any u ∈ Hp1,G(M). Then
A K˜pG =
K˜p(n− k,p)
V (p−1)/(n−k−1)
.
Proof of Proposition 4.1. . Suppose by contradiction that real numbers A, B exist, with A<KpG
such that inequality (4.1) holds for all u ∈ Hp1,G(M). Consider a point P0 ∈ ∂M which belongs
to the k-dimensional orbit of minimum volume. Given ε > 0, let Bδ(0) ⊂ Rn−k+ be the projection
of the image of a convex neighborhood centered at P0, through a chart of M (for e.g. such a
chart is (MP , ξ) which was defined in Lemma 3.3. If F :Rn−k ⊃ N˜ → Rn−k+ then Bδ(0) =
F ◦ ϕ2(WP ) = F(W) ⊂ Rn−k+ ), such that
1 − ε 
√
det(gij ) 1 + ε.
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and such that for all u ∈ C∞0 (Bδ(0)),( ∫
∂Rn−k+
|u|q˜ dy′
)p/q˜
A′
∫
R
n−k+
|∇u|p dy +B ′
∫
∂Rn−k+
|u|p dy′. (4.2)
Moreover by Holder’s inequalities arises that for all Φ ∈ C∞0 (Bδ(0)) the following inequality
holds ∫
∂Bδ(0)
|Φ|p dσ0 
[
Vol(∂Bδ)
]1−(p/q˜)( ∫
∂Bδ(0)
(|Φ|p)q˜/p dσ0
)p/q˜
(4.3)
and since q˜ = (n−k−1)p
n−k−p ,1 − pq˜ = p−1n−k−1 by (4.2) and (4.3) we have∫
∂Bδ(0)
|u|p dy′  ∣∣∂Bδ(0)∣∣(p−1)/(n−k−1)
( ∫
∂Bδ(0)
|u|q˜ dy′
)1/q˜
. (4.4)
So, choosing δ small enough, we can find a real number A′′ with A′′ < K˜p(n− k,p) such that
for any u ∈ C∞0 (Bδ(0)),( ∫
∂Rn−k+
|u|q˜ dy′
)p/q˜
A′′
∫
R
n−k+
|∇u|p dy. (4.5)
Let Φ ∈ C∞0 (Rn−k+ ) and Φλ(x) = λ(n−k−1)/q˜Φ(λx),λ > 0. If λ > 0 is sufficiently large, then
Φ ∈ C∞0 (Bδ(0)), and so by (4.4) we have( ∫
∂Rn−k+
|Φλ|q˜ dy′
)p/q˜
A′′
∫
R
n−k+
|∇Φλ|p dy. (4.6)
Moreover since (n−k−1)p
q˜
+ p − (n− k) = (n− k − p)+ p − (n− k) = 0 we have( ∫
∂Rn−k+
|Φλ|q˜ dy′
)p/q˜
=
( ∫
∂Rn−k+
|Φ|q˜ dy′
)p/q˜
and ∫
R
n−k+
|∇Φλ|p dX dY =
∫
R
n−k+
|∇Φ|p dy.
By (4.6) and the two preceding equalities the following arises( ∫
∂Rn−k+
|Φ|q˜ dy′
)p/q˜
A′′
∫
R
n−k+
|∇Φ|p dy
for all Φ ∈ C∞0 (Rn−k+ ) with A′′ < K˜p(n− k,p), contradicting the fact that K˜(n− k,p) is the
best constant for the Sobolev trace inequality in Rn−k+ . 
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with boundary, G-invariant under the action of a subgroup G of the isometry group I (M,g). Let
k denotes the minimum orbit dimension of G and V denotes the minimum of the volume of the
k-dimensional orbits. Let p ∈ (1, n− k), q = (n−k)p
n−k−p and q˜ = (n−k−1)pn−k−p . Then, for any ε > 0 andfor any p ∈ (1, n− k) there exists a constant Bε depending on p, G and the geometry of (M,g),
such that
‖u‖p
L
q˜
G(∂M)

(
K˜
p
G + ε
)‖∇u‖p
L
p
G(M)
+Bε‖u‖p
L
p
G(∂M)
(4.7)
for all u ∈ Hp1,G(M).
Proof of Proposition 4.2. Assume by contradiction that there exists ε0 > 0 such that for all
α > 0 we can find u ∈ Hp1,G(M) such that
‖u‖p
L
q˜
G(∂M)
>
(
K˜
p
G + ε0
)‖∇u‖p
L
p
G(M)
+ α‖u‖p
L
p
G(∂M)
or, equivalently
‖∇u‖p
L
p
G(M)
+ α‖u‖p
L
p
G(∂M)
‖u‖
L
q˜
G(∂M)
<
1
K˜
p
G + ε0
. (4.8)
Of course inequality (4.8) remains true for any ε ∈ (0, ε0) and if we set
Iα = inf
u∈H 1,pG (M)\{0}
‖∇u‖p
L
p
G(M)
+ α‖u‖p
L
p
G(∂M)
‖u‖p
L
q˜
G(∂M)
we conclude that for any α > 1 there exists θ0 > 0 such that
Iα <
1
K˜
p
G + ε0
= 1
K˜
p
G
− θ0. (4.9)
As the quotient
‖∇u‖p
L
p
G(M)
+ α‖u‖p
L
p
G(∂M)
‖u‖p
L
q˜
G(∂M)
is homogeneous, for any fixed α > 0 we can take a minimizing sequence (uk) ⊂ Hp1,G(M) for it,
satisfying ‖uk‖Lq˜G(∂M) = 1.
So, since
‖∇uk‖p
L
p
G(M)
+ α‖uk‖p
L
p
G(∂M)
→ Iα
we conclude that (uk) is bounded in LpG(∂M) and (∇uk) is bounded in LpG(∂M).
By the classical Sobolev trace inequality the following inequality arises∫
M
|u|p dVg  C
(∫
M
|∇u|p dVg +
∫
∂M
|u|p dSg
)
. (4.10)
By (4.10) and since (uk) is bounded on LpG(∂M) and (∇uk) is bounded on LpG(∂M) it is implied
that (uk) is bounded on Hp(M) and so we can assume that uk ⇀ u in Hp(M), uk → u in1 1
A. Cotsiolis, N. Labropoulos / Bull. Sci. math. 132 (2008) 562–574 573Lp(M) and uk → u in Lp(∂M). Since convergence in Lq spaces implies up to a subsequence
a.e. convergence, the function u will be G-invariant. By Theorem 4 in [5] we have uk → u in
L
q˜
G(∂M), ‖u‖Lq˜G(∂M) = 1 and
‖∇u‖p
L
p
G(M)
+ α‖u‖p
L
p
G(∂M)
= Iα
that is u is minimizing of Iα .
For any α > 0 let uα ∈ Hp1,G(M), with ‖uα‖Lq˜G(∂M) = 1 and
‖∇uα‖p
L
p
G(M)
+ α‖uα‖p
L
p
G(∂M)
= Iα < 1
K˜
p
G
− θ0. (4.11)
Following arguments similar to the ones that proved u is G-invariant minimizing of Iα , we con-
clude that (uα) is bounded in Hp1,G(M), thus we can take a subsequence of (uα), denoted (uα)
too, such that uα ⇀ u in Hp1,G(M), uα → u in LpG(M) and uα → u in LpG(∂M). Moreover, by
(4.11) we obtain
‖uα‖p
L
p
G(∂M)
<
1
α
(
1
K˜
p
G
− θ0
)
and letting α tend to +∞ we have u = 0 on ∂M .
Finally following the proof of Theorem 4 in [5] we obtain that ∇uα → ∇u a.e. and so (∇uα)
is bounded in LpG(M).
Since the best constant of the Sobolev trace inequality in M has the same value with the
best constant in the Sobolev trace inequality of the manifold O ∈ ⋃Oj , j = 1, . . . ,N , where
Vol(O) = min Vol(Oj )j=1,...,N = V (Lemma 3.7) suppose that uα ∈ Hp1,G(O) and so by Lem-
mas 3.4 and 3.5 we obtain
‖∇uα‖pLp(M) + α‖uα‖pLp(∂M)
‖uα‖pLq˜ (∂M)
 (1 − cε0)V
p−1
n−k−1
∫
N
|∇g¯u2|p dυg¯ + α
∫
∂N
|u2|p dsg¯(∫
∂N
|u2|q˜ dsg¯
)p/q˜ .
Since (4.11) hold for any ε0 > 0 and K˜pG = K˜
p(n−k,p)
V (p−1)/(n−k−1) , (4.11) provides∫
N
|∇g¯u2|p dυg¯ + α
∫
∂N
|u2|p dsg¯(∫
∂N
|u2|q˜ dsg¯
)p/q˜ < 1K˜p(n− k,p) − θ0V p−1n−k−1
<
1
K˜p(n− k,p) . (4.12)
Because of Theorem 4 in [5], inequality (4.12) is false and the proposition is proved. 
Let us sketch the proof of Theorem 2.3.
The proof is based on [7] and carried out in six steps.
1. A real tc ∈ Σc.
2. sup{μc, c ∈ Λ} < +∞.
3. inf{μc, c ∈ Λ} > −∞. Here we use a hypothesis of Theorem 2.3.
4. μc = inf{I(u)/u ∈ Σc} is attained.
5. There exists a week solution uc  0.0
574 A. Cotsiolis, N. Labropoulos / Bull. Sci. math. 132 (2008) 562–5746. uc0 > 0 everywhere. We proved in step 5 that uc0  0. By the maximum principle [21], the
function uc0 is identically equal to 0 or uc0 > 0 everywhere in M . By one of the hypothesis
1 or 2 (see Theorem 2.3) arises u ≡ 0.
Proof of Theorem 2.2 uses standard variational methods, under the assumptions of Lemma 3.6
(see for instance [12,16]).
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